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A fundamental problem in Fourier transform NMR spectros-
copy is the calculation of observed resonance amplitudes for a
repetitively pulsed sample, as first analyzed by Ernst and Ander-
son in 1966. Applications include determination of spin–lattice
relaxation times (T1’s) by progressive saturation and correction for

artial saturation in order to determine the concentrations of the
hemical constituents of a spectrum. Accordingly, the Ernst and
nderson formalism has been used in innumerable studies of

hemical and, more recently, physiological systems. However, that
ormalism implicitly assumes that no chemical exchange occurs.
ere, we present an analysis of N sites in an arbitrary chemical

xchange network, explicitly focusing on the intermediate ex-
hange rate regime in which the spin–lattice relaxation rates and
he chemical exchange rates are comparable in magnitude. As a
pecial case of particular importance, detailed results are provided
or a system with three sites undergoing mutual exchange. Specific
roperties of the N-site network are then detailed. We find that (i)
he Ernst and Anderson analysis describing the response of a
ystem to repetitive pulsing is inapplicable to systems with chem-
cal exchange and can result in large errors in T1 and concentra-
ion measurements; (ii) T1’s for systems with arbitrary exchange
etworks may still be correctly determined from a one-pulse ex-
eriment using the Ernst formula, provided that a short interpulse
elay time and a large flip angle are used; (iii) chemical concen-
rations for exchanging systems may be correctly determined from

one-pulse experiment either by using a short interpulse delay
ime with a large flip angle, as for measuring T1’s, and correcting
or partial saturation by use of the Ernst formula, or directly by
sing a long interpulse delay time to avoid saturation; (iv) there is
significant signal-to-noise penalty for performing one-pulse ex-

eriments under conditions which permit accurate measurements
f T1’s and chemical concentrations. The present results are anal-
gous to but are much more general than those that we have
reviously derived for systems with two exchanging sites. These
onsiderations have implications for the design and interpretation
f one-pulse experiments for all systems exhibiting chemical ex-
hange in the intermediate exchange regime, including virtually
ll physiologic samples.
Key Words: chemical exchange; one-pulse experiment; satura-

ion factors; partial saturation; progressive saturation.
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INTRODUCTION

The simplest and still the most widely used NMR exp
ment is the one-pulse experiment, that is, the application
long train of pulses of flip angleu alternating with interpuls
delays of duration TR, with signal acquisition after each pu
This repetitively pulsed system rapidly and asymptotic
approaches a cyclic steady state. The observed magneti
resulting from such an experiment was derived by Ernst
Anderson (1) when the use of Fourier transform NMR w
becoming widespread. The Ernst and Anderson analys
applicable to an isolated spin system and incorporates
longitudinal and transverse magnetization effects. The
commonly used form of their result, known as the Ernst e
tion, applies to the case in which TR@ T2, so that transvers
magnetization effects may be neglected:

Mobs~u, TR!

M0
5

~1 2 e2TR/T1!sin u

~1 2 e2TR/T1cosu !
, [1]

whereM 0 is the equilibrium magnetization andM obs(u, TR) is
the observed magnetization in the steady state resulting f
pulse sequence with parametersu and TR.

It is evident from [1] that the spectral line will be
maximum amplitude, that is,M obs(u, TR) 5 M 0, wheneve

R3 ` andu 5 90°. Otherwise the saturation factor, SF
defined as the ratio of the steady-state observed magneti
to the equilibrium magnetization and is a function ofu, TR, and
T1 for an isolated spin

SF~T1; u, TR! 5
Mobs~u, TR!

M0

5
resonance amplitude~u, TR!

equilibrium resonance amplitude
. [2]

ccording to this formulation, the SF for each resonance
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121THE ONE-PULSE EXPERIMENT WITH CHEMICAL EXCHANGE
multicomponent spectrum is entirely independent of the p
ence or properties of other resonances.

Expressions [1] and [2] are used widely in NMR spect
copy and imaging. One application is to the measureme
T1’s by progressive saturation (2), in which SF’s are observe
for a series of values of TR for fixedu. The resulting resonan
amplitudes are then fit to Eq. [1] to obtainT1. Similarly, T1

maps in magnetic resonance imaging are obtained by a
by-pixel fit to an equation of this form.

In addition, as shown by Ernst and Anderson, large impr
ments in the signal-to-noise ratio (SNR) per unit time ca
achieved by use of TRu T1 andu , 90°. The condition TR
u T1 results in resonance saturation, that is, inability of
magnetization vector to fully relax toM 0 by the end of th
interpulse delay. The amplitude loss resulting from this ca
corrected by measuring the resonance’sT1 and then determin
ing the fully unsaturated resonance amplitude by use of Eq
More commonly, a correction based on Eq. [2] is impleme
in which the SF is measured by comparing the amplitude o
resonance obtained with a long TR to the amplitude obta
with a shorter TR, for a fixedu. This empirically measured S
is then used to correct subsequent amplitude measurem
Both of these approaches require that the SF depends o
the values of TR andu for a givenT1.

However, as we have shown in previous theoretical
experimental work (3–5), Eq. [1] is valid only in the case
which the species under consideration is not in chemica
change. These papers treated the case of two species, A
undergoing exchange in the intermediate regime in which
spin–lattice relaxation rates and the chemical exchange
are comparable in magnitude. The pseudo-unimolecula
change rateskAB andkBA are defined by the reaction schem

A -|0
kAB

kBA

B. [3]

This problem was originally treated (3) by considering th
solution to the relevant system of Bloch–McConnell equation6)
for two-site exchange and using this solution to derive the a
priate steady state. It was shown that the observed satu
factor for a resonance, e.g., A, depends not only on the flip
and TR of the pulse sequence andT1A, as is the case for none
changing species, but also onT1B, kAB, M0A, andM0B. Thus, Eq. [2
is replaced by

Mobs

M0
5 SF~M0A, M0B, T1A, T1B, kAB; u, TR!, [4]

where the dependence onkBA is implicit in the equation defin
ing the chemical steady state:

kBA 5
M0A

M0B
kAB. [5]
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However, in many chemical and physiologic systems
change occurs among multiple sites. For example, thre
exchange networks can be of either the linear form,

A -|0
kAB

kBA

B -|0
kBC

kCB

C, [6]

or the cyclic form,

[7]

Systems with a greater number of exchanging compo
obviously may have more complex patterns.

For three-site exchange it is possible but difficult to c
through a calculation analogous to the original one (3) for two
sites by solving the coupled Bloch–McConnell equations and
deriving the appropriate steady state. However, this explicit
putation in closed form becomes completely intractable for fo
more sites and provides little insight into the properties of
generalN-site exchange network. Accordingly, we present he
formalism that permits us to easily address the three-site pro
can be readily generalized to include additional sites, and a
us to obtain general results for theN-site system.

The organization of the paper is as follows. The gen
theory is first presented, followed by detailed simulation re
for the three-site case. After a description of the effec
exchange on saturation factors, the practical problem of a
rate T1 measurement is addressed. An apparent spin–l
relaxation time,T91, which results from incorrectly ignorin
chemical exchange in aT1 measurement, is defined. The
viation of T91 from the trueT1 is investigated as a function
pulse repetition time and flip angle, which are the only
parameters which can be readily varied by the investig
Practical bounds are provided for TR and flip angle to ach
accurate measurements. The question of accurate concen
measurements as derived from magnetization measureme
a three-site exchanging system is then investigated. The
ation of apparent concentration ratios from true concentr
ratios is investigated, and specific parameter constraint
provided which ensure accuracy. Finally, general properti
the N-site case are developed.

THEORY

Our physical picture of the development of the cyclic ste
state will follow that of Ernst and Anderson (1), who consid
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122 SPENCER AND FISHBEIN
ered an isolated spin system subjected to a long sequen
alternating pulses and interpulse delays. Starting from a st
state magnetization along thez-axis of amplitudeM ss, the spins
are subjected to anx# -phase pulse of flip angleu (see Fig. 1)
mmediately after the pulse, the magnetization vector has
onents along both thez- and they-axes. In this treatment, w
re assuming that the time scale ofT2 processes is short, so th

the magnetization vector immediately becomes oriented a
the z-axis with amplitudeM sscosu. Starting from this initia
condition, the vector then undergoes longitudinal relaxa
over the time TR, reaching a value ofM ss at the time of the nex

ulse. It is clear thatM ss 5 M 0 only when TR@ T1. Note tha
he magnetization observed during this steady state,M obs, is
given by the transverse component immediately following
pulse, that is,M sssin u.

More formally, during the interpulse delay of duration T
thez-component of the magnetization evolves according to
Bloch equation

dM

dt
5

M0 2 M

T1
[8]

with the solution

M~t! 5 M0 2 ~M0 2 M~t 5 0!!e2t/T1. [9]

Once the steady state as defined above has been estab
the relationships

M~t 5 0! 5 Msscosu [10]

and

M~TR! 5 Mss [11]

FIG. 1. Magnetization vector diagram showing the sequence of e
that occurs in setting up the periodic steady state under repetitive pu
M 0 denotes the equilibrium magnetization of a species,M ss denotes th
steady-state value of thez-magnetization of that species, andu is the pulse
ip angle.
of
dy-

m-

ng

n

e

,
e

hed,

are satisfied. Then

Mss5 M0 2 ~M0 2 Msscosu !e2TR/T1, [12]

from which one obtains

Mss

M0
5

1 2 e2TR/T1

1 2 e2TR/T1cosu
. [13]

The observed magnetization following a pulse is therefor

Mobs5 Msssin u 5 M0

~1 2 e2TR/T1!sin u

1 2 e2TR/T1cosu
. [14]

In the case of two species undergoing exchange, Eq
must be replaced by the coupled system (6)

dMA

dt
5

M0A 2 MA

T1A
2 kABMA 1 kBAMB [15a]

dMB

dt
5

M0B 2 MB

T1B
1 kABMA 2 kBAMB [15b]

and the steady state constraint

kABM0A 5 kBAM0B. [16]

This was the system analyzed in detail in previous work (3–5).
Corresponding experiments on anin vitro system with two-sit
exchange (4) and anin vivosystem with three-site exchange5)
were also presented.

We now describe the analysis for a generalN-site exchang
network, composed of exchanging speciesSi , i [ (1, . . . ,N),
with pseudo-unimolecular rate constantskSi Sj referring to the
reaction from speciesSi to speciesSj .

The Bloch–McConnell equations describing the system

dMSi

dt
5

M0Si
2 MSi

T1Si

2 O
jÞi

kSiSj
MSi

1 O
jÞi

kSjSi
MSj

, [17]

which may be conveniently written in matrix form as

dM
dt

5 AM 1 C, [18]

where

M 5 ~MS1, MS2, . . . , MSN
!, [19]

ts
g.
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A 5 1
2S 1

T1S1

1 O
jÞ1

kS1SjD kS2S1 · · · kSNS1

kS1S2
2S 1

T1S2

1 O
jÞ2

kS2SjD · · · kSNS2

· · · · · · · · · · · ·

kS1SN
kS2SN · · · 2S 1

T1SN

1 O
jÞN

kSNSjD 2 [20]
ref
pa
n,
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e
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1],

der
ous to

the

, and
Inc.,

writ-
ts, so
ntly.
and

C 5 SM0S1

T1S1

,
M0S2

T1S2

, . . . ,
M0SN

T1SN

D . [21]

ote that the vector components here and in the following
o the chemical species under consideration and not to s
imensions. We are assuming rapid transverse relaxatio

hat all magnetizations are directed along thez-axis.
The solution to this system of linear differential equati
ay be found readily to be

M ~t! 5 eA t~M ~t 5 0! 1 A21C! 2 A21C, [22]

where M (t 5 0) is the initial condition. To calculate th
steady-state magnetization we use the fact that

M ~t 5 0! 5 M sscosu [23]

and

M ~TR! 5 M ss [24]

in the cyclic steady state, where

M ss5 ~MssS1, MssS2, . . . , MssSN
!. [25]

hen

M ss5 ~I 2 cosueATR! 21~eATR 2 I!A21C, [26]

whereI is theN 3 N identity matrix. Defining

M 0 5 ~M0S1, M0S2, . . . , M0SN
! [27]

nd

M 5 IM , [28]
0 0
er
tial
so

s

the vector of saturation factors may be written

SF ; SMobsS1

M0S1

,
MobsS2

M0S2

, . . . ,
MobsSN

M0SN

D 5 M 0
21M sssin u @29#

nd the magnetization actually experimentally observed

M obs5 M0SF. [30]

The equations defining a system in chemical steady sta
considered here take the form

O
jÞi

kSiSj
M0Si

5 O
jÞi

kSjSi
M0Sj

[31]

for each speciesSi . With the constraints imposed by Eq. [3
a direct calculation shows that

AM 0 5 2C, [32]

so that

A21C 5 2M 0. [33]

Eq. [33] may be used to simplify Eqs. [26] and [29] un
steady-state conditions, leading to an expression analog
Eq. [1]:

SF 5 M 0
21~I 2 eATRcosu ! 21~I 2 eATR!M 0sin u. @34#

The fact thatM0
21 does not commute through the rest of

expression to act onM 0 results in the dependence ofSFonM 0.

SIMULATION RESULTS

Equation [34] for three exchanging species labeled A, B
C was simulated in the Mathematica (Wolfram Research,
Champaign, IL) programming language. Equation [31] as
ten for three species provides two independent constrain
four of the six rate constants may be specified independe
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124 SPENCER AND FISHBEIN
Input parameters defining the pulse sequence and the un
ing chemical characteristics of the system are

$M0A, M0B, M0 C, T1A, T1B, T1C, kAB, kBA, kAC, kCA; TR, u%.

Values for these system input parameters were select
illustrate the main results of the simulation without unne
sary complexity. In all cases we usedM 0A 5 M 0B 5 M 0C 5 1,

nd T1A 5 5, T1B 5 3, T1C 5 1. Values for the pseud
rst-order reaction rates we used for each of the four pos
xchange topologies are given in Table 1. Extensive nume
imulations confirm that the quantitative results to be desc
elow are qualitatively similar to results obtained with o

ypical sets of input parameters.

aturation Factors in the Presence of Chemical Exchang

Figure 2 shows the saturation factors of species A, B, a
nder the four different exchange networks considered
ip angle of 30°. Figure 3 shows the corresponding result
flip angle of 90°. The SF’s are clearly sensitive to the de

f the exchange network and the pulse parameters, alth
any of the qualitative features of the behavior of SF’s

unction of TR are independent of flip angle. For example
urves all have a positive but decreasing slope across th
ange of TR, and at both very short and very long TR the
pproach values given by the Ernst formula, Eq. [1].
Saturation factors are not of independent interest bu

sed to deriveT1’s and concentrations. The errors that re
from interpreting SF data in accordance with Eq. [1] are
demonstrated.

Apparent T1’s in the Presence of Chemical Exchange

For the saturation factor SFSi of a speciesSi , in chemica
exchange, measured at a specific interpulse delay TR, E
yields an apparent value for the spin–lattice relaxation t
T91Si, of

T91Si
5

2TR

lnS SFSi
2 sin u

SF cosu 2 sin uD
. [35]

TABLE 1
Pseudo-Unimolecular Reaction Rate Constants for the Three

Exchange Networks Discussed in the Text

kAB 5 kBA kBC 5 kCB kCA 5 kAC

No exchange 0 s21 0 s21 0 s21

Two site 1 s21 0 s21 0 s21

Three site linear 1 s21 1 s21 0 s21

Three site cyclic 1 s21 1 s21 1 s21
Si
rly-

to
-

le
al

ed
r

C
a

or
ls
gh
a
e
ull
’s

re
lt
w

[1]
e,

SFSi andT91Si depend on TR,u, and all of the system’s chemic
parameters. In contrast,T1Si is an intrinsic property of speci
Si . In general,T91Si 5 T1Si only if there is no chemical exchan
involving speciesSi . Figure 4 shows the departure ofT91 from
the true value ofT1 for the three species, A, B, and C, under
four different exchange networks considered, for a flip ang
30°. Figure 5 shows the corresponding results for a flip a
of 90°.

It is clear that in the limit TR3 0, the correctT1’s are
obtained; this will be discussed later more fully. Howe
when this condition is not satisfied, the measured values o
spin–lattice relaxation times are very different from the
system T1’s. The degree of overestimate or underestim
depends upon the system parameters, but in general inc
as TR increases. Figure 4 shows that a true value ofT1A 5 5 s
will be underestimated by nearly 3 s in the case of cyclic
hree-site exchange with the parameters as given. Comp
ercentage errors occur for species B and C. The results s

or species B demonstrate that either overestimates or u

FIG. 2. Saturation factors for species A, B, and C under the four typ
exchange networks possible in a three-site system, including that w
exchange. Results are shown for a flip angle of 30°. Other parameters
the simulation areM 0A 5 M 0B 5 M 0C 5 1, T1A 5 5, T1B 5 3, T1C 5 1, and
pseudo-unimolecular reaction rates as given in Table 1. Without lo
generality, the two-site network is defined as exchange between species
B. Therefore the two-site exchange results and the nonexchanging
formula) results are identical for SFC.
u
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125THE ONE-PULSE EXPERIMENT WITH CHEMICAL EXCHANGE
estimates of the spin–lattice relaxation time may occur,
pending upon the system parameters. Comparing Figs. 4
it is clear that errors of comparable magnitude can occu
both flip angles. It is also evident that the TR must be m
very small in both cases in order to ensure accuracy, alth
this restriction is somewhat less stringent with a larger
angle. Nevertheless, even for that larger flip angle, a T
short as, for example, 0.5 s, is still not sufficiently shor
avoid significant error.

The strictness of the requirement for TR3 0 to obtain
accurate results depends upon the system parameters, inc
the nature of the exchange network. Table 2 shows the m
mum TR that can be used to achieveT1 measurements accur
to within 5 and 10% foru 5 90°. Results are presented for e

f the three networks under consideration here. It is clea
he upper limit on TR depends on the particular reson
nder consideration. The accuracy of all threeT1’s can be

ensured by using the minimum of the appropriate three v
of TR for a given set of parameters.

It is clear that the required upper bounds on TR are ra
stringent. However, as indicated above, the strictness o
limit TR 3 0 can be somewhat relaxed by use of a larger
angle. This is shown in Fig. 6, in whichT91 as a function of TR
is shown for a wide range of flip angles for each of the t

FIG. 3. Same as Fig. 2, only for a flip angle of 90°.
e-
5,

or
e
gh
p
as

ing
xi-

at
ce

es

er
he
p

e

species in a cyclic exchange network. Table 3 tabulate
data for specific error bounds. It is clear that even foru 5 90°,
the requirements for short TR are very stringent. Asu ap-
proaches 150°, the minimum required TR exceeds 100 m
all cases for 5% accuracy. This is possible to achieve in m
in vivo systems, although it potentially requires the incorp
tion of homospoil pulses in the one-pulse sequence in ord
avoid the effects of residual transverse magnetization (5).

An interesting feature of the asymptotic results for TR3 `
is shown in Fig. 7. For species which are connected by
change processes,T91A 5 T91B 5 T91C in the limit TR 3 `.

omparable results for the two-site exchange network
hown in our previous studies (3–5). The rate at which th
pparent spin–lattice relaxation times approach each othe

FIG. 4. Apparent spin–lattice relaxation times as a function of TR
species A, B, and C under the three types of networks with chemical exc
which are possible in a three-site system.T91 is calculated from Eq. [35
neglecting the effects of chemical exchange. Results are shown for a flip
of 30°. Other parameters used in the simulation areM 0A 5 M 0B 5 M 0 C 5 1,
T1A 5 5, T1B 5 3, T1C 5 1, and pseudo-unimolecular reaction rates as g
in Table 1. Results are not shown for the nonexchanging system, for wh
Ernst formula, Eq. [1], is valid, sinceT91 5 T1 for all TR and for each speci
in that case. The two-site network is defined as exchange between sp
and B. Therefore, species C does not undergo exchange in that case,T91C

5 T1C for all TR. It is clear that for all three species,T91 5 T1 only in the limit
TR3 0. Otherwise, errors of 50% or more may occur. Deviations ofT91 from
T are indicative of the presence of chemical exchange.
i

e

1
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126 SPENCER AND FISHBEIN
function of TR depends upon the specific system param
In practical terms, the large TR limit is of little interest sin
the dynamic range of progressive saturation measurem
decreases with increasing TR.

It should be noted that progressive saturation experim
designed to measureT1’s typically use a sequence of seve

FIG. 5. Same as Fig. 4, only for a flip angle of 90°. By comparing F
4 and 5, it is clear that significant departures fromT91 5 T1 occur at somewh
arger values of TR for the larger flip angle.

TABLE 2
Upper Limits on TR for Accurate Measurement of T1A, T1B, and

T1C for the Three Exchange Networks Discussed in the Text

TRmax (s)
for T1A

TRmax (s)
for T1B

TRmax (s)
for T1C

Relative erro
bound (%)

Two site 0.099
0.22

0.28
0.66

Any
Any

5
10

Three site linear 0.086
0.14

0.072
0.17

0.15
0.30

5
10

Three site cyclic 0.023
0.050

0.072
0.17

0.068
0.13

5
10

Note.A flip angle ofu 5 90° is assumed throughout. For example, in o
that the measurement ofT1A be accurate to within 5% in the two-site excha

etwork, TR, 0.099 s must be used.
rs.

nts

ts
l
TR’s, {TR i}, for which the data setM obs(u, TRi) is fit to Eq.
[1], rather than a comparison of equilibrium magnetizatio
observed magnetization for a single TR. This procedure
not address the fact that Eq. [1] is an incomplete descripti
the system. It can be shown numerically that this fitting
cedure results in errors that are of the same order as
shown in Figs. 4 and 5.

SNR Consequences of Accuracy in T1 Measurements

As discussed, it is a near-universal practice to pulse wit
u T1 in order to increase the SNR per unit time. However,
6 and Table 3 show that only restricted choices ofu and TR
result in accurate measurement ofT1. Unfortunately, this re
sults in a severe penalty in SNR. To show this, we make u
two results that follow readily from the Ernst and Ander
analysis of partial resonance saturation and from the ge

.

r

FIG. 6. Apparent spin–lattice relaxation times,T91, as a function of TR fo
species A, B, and C undergoing three-site cyclic exchange. Results are
for flip angles ranging between 10 and 170°.T91 is calculated from Eq. [35
System parameters areM 0A 5 M 0B 5 M 0C 5 1, T1A 5 5, T1B 5 3, T1C 5
1, and pseudo-unimolecular reaction rates as given in Table 1. It is cle
the apparent spin–lattice relaxation times equal the correct value only
limit TR3 0. For small flip angles, large errors occur even for extremely s
TR. In fact, it is essentially impossible to perform accurateT1 measuremen

hen small flip angles are used. However, if large flip angles are used, ac
esults may be obtained with values of TR which are more realistic.
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127THE ONE-PULSE EXPERIMENT WITH CHEMICAL EXCHANGE
definition of saturation factors. For a given observed SF a
fixed experimental time,

SNR } SF/ÎTR. [36]

In addition, for a given TR, the flip angleuE at which maxi
mum SNR is obtained for a resonance with spin–lattice re
ation timeT1 is given by

cosuE 5 e2TR/T1. [37]

he flip angle defined by Eq. [37] maximizes SNR per
ime only for systems with negligible chemical exchan
owever, because corresponding results incorpor
hemical exchange are exceedingly complicated, we
se Eq. [37] as an estimate of the flip angle resultin
aximal SNR even for exchanging systems. The qualita

onclusions to follow will not be affected by this appro
ation. In general, Eq. [37] can only be satisfied for

omponent of a multiple-resonance spectrum, and m
pproaches to the problem of jointly optimizing the S
f the various components are available. We will illust

he results for the simple approach of using a flip a
uE,Avg, that is, the average of theuE corresponding to each
the three resonances. Note that forT1 measurements on
typically would not use a set of parameters defined by

TABLE 3
Upper Limits on TR for Accurate Measurement of T1A, T1B, and

T1C for the Three-Site Cyclic Exchange System Discussed in the
ext

u
TRmax (s)
for T1A

TRmax (s)
for T1B

TRmax (s)
for T1C

Relative error
bound (%)

10° 0.0002
0.0004

0.0005
0.0015

0.0005
0.0011

5
10

30° 0.0017
0.0037

0.0054
0.014

0.0052
0.11

5
10

45° 0.0041
0.0090

0.012
0.033

0.012
0.026

5
10

60° 0.0079
0.018

0.025
0.064

0.024
0.050

5
10

90° 0.023
0.050

0.072
0.17

0.068
0.13

5
10

120° 0.062
0.12

0.16
0.32

0.15
0.26

5
10

135° 0.098
0.18

0.21
0.39

0.20
0.32

5
10

150° 0.13
0.22

0.26
0.44

0.24
0.37

5
10

170° 0.17
0.26

0.30
0.48

0.28
0.41

5
10

Note. For example, in order that the measurement ofT1A be accurate t
ithin 5% when a flip angle ofu 5 10° is used, a TR, 0.0002 s must be use
a
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[37]. However, this parameter choice, which maximi
SNR, provides a convenient reference point for SNR c
parisons.

Table 4 shows relative SNR for the three resonance
three choices of pulse parameters, as indicated. It is clea
the SNR is reduced by an order of magnitude for a selecti
pulse parameters which permits accurate measurement oT1’s.
Thus, high SNR and accurateT1 measurements using progr
sive saturation are mutually exclusive goals.

Apparent Resonance Amplitudes in the Presence of Che
Exchange

The errors in measuring equilibrium magnetization ra
that result from the use of Eq. [1] for systems with complica
exchange networks will now be presented.

Assume that the valueMA(TR) is experimentally observe
in a one-pulse experiment. Then the apparent equilib
magnetization for species A,M9OA, derived using Eq. [2] is

M9OA 5
MA~TR!

SFA
Ernst~TR!

, [38]

here SFA
Ernst(TR) denotes the SF derived for species A u

the Ernst expression, Eq. [1]. In addition, by definition, the
equilibrium magnetization for species A,M 0A, satisfies

MA~TR! 5 M0ASFA~TR!. [39]

FIG. 7. Apparent spin–lattice relaxation times,T91, as a function of TR fo
species A, B, and C undergoing three-site cyclic exchange.T91 is calculate
from Eq. [35]. Results are shown for a flip angle of 90°, with system pa
eters M 0A 5 M 0B 5 M 0 C 5 1, T1A 5 5, T1B 5 3, T1C 5 1, and
pseudo-unimolecular reaction rates as given in Table 1. This illustrates t
that in the limit TR3 `, T9 5 T9 5 T9 .
d

h
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128 SPENCER AND FISHBEIN
Therefore,

M90A 5
M0ASFA~TR!

SFA
Ernst~TR!

. [40]

Equation [40] shows that the apparent corrected equilib
agnetization for species A differs from its true value. T

he usual method of correcting magnetizations for partial
ration leads to manifestly incorrect results in systems
hemical exchange. Identical considerations hold for spec
nd C.
As was also the case forT91, we do not write out the explic

functional dependence of theM90Si ’s, but note here that the
depend on all of the pulse and chemical parameters o
system. In general,M90Si 5 M 0Si only if there is no chemica
exchange involving speciesSi.

Measurements of concentrations in NMR are freque
reported in terms of the ratio between two resonance a

TABLE 4
Signal-to-Noise Consequences of Selecting Parameters to Obtain

Accurate Spin–Lattice Relaxation Times

Parameter selection criteria

Error , 10%
for all three

T1’s

TR 5 1 s
uE,Avg 5 average
of Ernst angles

TR 5 2 s
uE,Avg 5 average
of Ernst angles

Pulse parameters u 5 150°
TR 5 0.22 s

u 5 49°
TR 5 1.0 s

u 5 63°
TR 5 2.0 s

91A (s) 4.51 2.35 2.28
T91B (s) 2.89 2.21 2.18
T91C (s) 1.04 1.73 1.83
Relative SNR(A) 1.0 16.48 16.33
Relative SNR(B) 1.0 10.85 10.65
Relative SNR(C) 1.0 4.40 4.15

Note.System parameters are as given in the text for the three-site s
undergoing cyclic exchange. Column 1 pertains to a selection o
ensuring that measuredT1A, T1B, andT1C are all within 10% of their tru
alues when a flip angle ofu 5 150° is used. This choice of flip ang

permits a reasonably long TR to be used. Column 2 shows results ob
with TR 5 1 s and a flip angle which is the average of the Ernst angle
TR 5 1 s for each species. Column 3 is similar to column 2, except
TR 5 2 s. The apparent spin–lattice relaxation times,T91A, T91B, andT91C, as

efined in the text, are the results of using Eq. [35] to calculateT1’s from
bserved resonance saturation factors. Relative SNR(A) is the SN

ained for resonance A, correctly accounting for chemical exchange e
ormalized to the value obtained using pulse parameters resulting
rror in T1 of less than 10%. Relative SNR(B) and relative SNR(C) h
imilar meanings. It is clear that choosing TR andu so thatT1 measure
ents are accurate to within 10% results in severe loss of SNR
xample, the SNR for resonance A is a factor of 16.48 greater whenu 5
9° and TR5 1.0 s are used than whenu 5 150° and TR5 0.22 s are use
owever, the former choice leads to extremely inaccurate spin–l

elaxation time measurements, while the latter choice ensures th
rrors in these measurements due to chemical exchange effects will

han 10%.
m
,
t-
h
B

he

ly
li-

tudes, one of which may correspond to an external standa
quantification purposes. Therefore, for practicality, we
express further results in terms of resonance ratios. Th
dependence is indicated explicitly because we will plot re
as a function of TR.

The apparent magnetization ratio of species A and B is g
by

M90A

M90B
5

M0A

M0B
z
SFA~TR!/SFA

Ernst~TR!

SFB~TR!/SFB
Ernst~TR!

. [41]

Similar expressions pertain to the ratio of any two specie
Figure 8 shows the departure of the apparent magnetiz

FIG. 8. Apparent magnetization ratios as a function of TR for specie
B, and C under the three types of chemical exchange networks that are p
in a three-site system.M90A/M90 C and M90A/M90B, as defined in the text, a
apparent magnetization ratios obtained by use of SF’s derived from the
formalism. Results are shown for a flip angle of 30°. Other parameters u
the simulation areM 0A 5 M 0B 5 M 0 C 5 1, T1A 5 5, T1B 5 3, T1C 5 1, and
pseudo-unimolecular reaction rates as given in Table 1. With these para
the correct magnetization ratios are in all cases equal to unity. It is clea
for all three species, the apparent magnetization ratios equal the correc
only in the limits TR3 0 and TR3 `. Otherwise, errors of 50% or more
seen to occur. Note that even though species C does not undergo ch
exchange in the two-site exchange network as defined here, ratios inv
M 0 C are still in error for general TR due to the effect of exchange on sp
A and B.
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129THE ONE-PULSE EXPERIMENT WITH CHEMICAL EXCHANGE
ratios, M90A/M90B and M90A/M90 C, from the true values,M 0A/
0B 5 1 andM 0A/M 0 C 5 1, for the different exchange ne

works considered and a flip angle of 30°. Figure 9 shows
corresponding results for a flip angle of 90°. Again, it is c
that, while the sign and the magnitude of the errors de
upon the details of the system, the apparent magnetiz
ratios can be very different from the correct ratios for rea
able values of TR. It is readily seen that, unlike the case foT1

measurements, not only the limit TR3 0 but also the limi
TR3 ` yields the correct ratios. For each of the two ratios
regardless of the exchange network, the accuracy of the
surement in the limit TR3 0 is improved for largeru, while
in the limit TR3 ` it is improved for smallu.

Table 5 shows the maximum TR in the limit TR3 0 that
can be used to achieve magnetization ratio measuremen
curate to within 5 and 10% foru 5 90°. Results are present
for each of the three exchange networks considered here
clear that the upper limit on TR depends on the particular
under consideration. The accuracy of both ratios can b
sured by using the minimum of the two appropriate value
TR for a given set of parameters. The results shown in Ta

FIG. 9. Same as Fig. 8, but with a flip angle of 90°. By comparing F
8 and 9, it is clear that the restriction on the maximum TR which lea
accurate measurements in the small TR regime is less stringent for lau.
However, the apparent magnetization ratios converge to the correct
more rapidly for the smaller flip angle as TR3 `.
e
r
nd
on
-

d
ea-

ac-

t is
io
n-
f
5

are representative; the strictness of the requirement for T3
0 depends upon all of the system parameters.

As noted in Figs. 8 and 9, the required upper bounds o
for accurate ratio measurements in the regime TR3 0 are jus

s stringent as forT1 measurements, but can be relaxed by
of a larger flip angle. This is shown more explicitly in Fig.
in which the two independent magnetization ratios which
present in a three-component system are shown as a func
TR for a wide range of flip angles for the model three-
cyclic exchange network. Table 6 tabulates the data for sp
error bounds. It is clear that foru . 150°, the minimum
required TR exceeds 100 ms for both ratios to achieve acc
to within 5%. This TR is possible to achieve in mostin vivo
systems.

SNR Consequences of Accuracy in Resonance Amplitud
Measurements

The tradeoff between accuracy and SNR can be examin
the same way as for theT1 measurement case, as illustrate
Table 7. However, one important difference is that for am
tude measurements, both TR3 0 and TR3 ` lead to accurat
values. This latter limit is shown in the last column of Tabl
Note that according to Eq. [37], the optimal SNR for the TR3

limit is achieved with a flip angle ofuE 5 90°. Clearly, us
f a long TR results in a superior combination of accuracy
NR than does use of a short TR.

ANALYSIS OF THE N-SITE NETWORK

Explicit numerical results forN . 3 sites may be obtaine
in particular cases by a direct generalization of the met
outlined above, using either known chemical paramete
results based on reasonable guesses for the parameters
ever, treatment of the general case provides useful result
apply to circumstances in which the number of exchan
sites, their relaxation times, concentrations, and reaction

TABLE 5
Upper Limits on TR for Accurate Measurement of the Ratios

M0A/M0 C and M0A/M0B for the Exchange Networks Discussed in
the Text

TRmax (s)
for M 0A/M 0 C

TRmax (s)
for M 0A/M 0B

Relative erro
bound (%)

Two site 0.17
0.40

0.10
0.21

5
10

Three site linear 0.074
0.14

0.83
1.10

5
10

Three site cyclic 0.016
0.033

0.034
0.075

5
10

Note.A flip angle ofu 5 90° is assumed throughout. For example, in o
that the measurement ofM 0A/M 0 C be accurate to within 5% in the two-s
exchange network, TR, 0.17 s must be used.
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130 SPENCER AND FISHBEIN
are not all known. Accordingly, we note some of the m
properties of the general solution. We will make use of the
that

lim
TR3`

eATR 5 0, [42]

where0 is theN 3 N zero matrix.
This follows from the fact that all eigenvalues ofA are nega
tive, by the Gerschgorin circle theorem (7).

Property 1. For a speciesSi within any type of N-site
exchange network,

lim
TR30

SFSi
~TR! 5 0. [43]

FIG. 10. Apparent magnetization ratios as a function of TR for specie
, and C for the three-site cyclic exchange network.M90A/M90 C andM90A/M90B,
s defined in the text, are apparent magnetization ratios obtained by use
erived from the Ernst formalism. Results are shown for flip angles ra
etween 10 and 170°. Other parameters used in the simulation areM 0A 5 M 0B

M 0 C 5 1, T1A 5 5, T1B 5 3, T1C 5 1 and pseudo-unimolecular react
ates as given in Table 1. It is clear that for all three species, the apparen
qual the correct value only in the limits TR3 0 and TR3 `. In the smal
R regime for small flip angles, large departures from the correct ratio
ven for extremely small TR. In fact, it is essentially impossible to per
ccurate experiments in the small TR regime when small flip angles are

f large flip angles are used, then accurate results may be obtained with
alues of TR in the small TR regime.
ct

This result follows directly from Eq. [34]. Intuitively, it
accounted for by the fact that for rapid pulsing signific
relaxation does not occur between pulses. The same lim
behavior occurs in the absence of chemical exchange.

Property 2. For a speciesSi within any type of N-site
xchange network,

lim
TR3`

SFSi
~TR! 5 sin u. [44]

This result follows directly from Eqs. [34] and [42], and
the same limiting behavior as in the case of no excha
Intuitively, for long TR, complete longitudinal relaxation o
curs to equilibrium; the approach to equilibrium, no ma
how complex, does not affect the observations. Accordin
Properties 1 and 2, in the limits TR3 0 and TR3 ` chemica

xchange does not change the values of saturation factors
s illustrated for the three-site case in Figs. 2 and 3.

Property 3. If T1S1 5 T1S2 5 . . . 5 T1SN [ T1, then

SFSi
~TR! 5

~1 2 e2TR/T1!sin u

~1 2 e2TR/T1cosu !
[45]

for all speciesSi and for all TR andu.
Physically, this is because spin relaxation proceeds a

same rate regardless of which species in the exchange ne
a nucleus is located within. This can be proved by d

TABLE 6
Upper Limits on TR for Accurate Measurement of the Ratios
0A/M0 C and M0A/M0B for the Three-Site Cyclic Exchange Net-
ork Discussed in the Text

u
TRmax (s)
M 0A/M 0 C

TRmax (s)
M 0A/M 0B

Relative erro
bound (%)

10° 0.00012
0.00026

0.00027
0.00060

5
10

30° 0.0011
0.0024

0.0025
0.0057

5
10

45° 0.0028
0.0058

0.0061
0.014

5
10

60° 0.0055
0.010

0.012
0.026

5
10

90° 0.016
0.033

0.034
0.075

5
10

120° 0.045
0.085

0.090
0.17

5
10

135° 0.073
0.13

0.14
0.24

5
10

150° 0.10
0.16

0.18
0.29

5
10

170° 0.14
0.20

0.22
0.33

5
10

Note.For example, in order that the measurement ofM 0A/M 0C be accurate t
ithin 5% when a flip angle ofu 5 10° is used, TR, 0.00012 s must be use
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131THE ONE-PULSE EXPERIMENT WITH CHEMICAL EXCHANGE
calculation for the two-site case and confirmed by simula
for larger networks.

Property 4. If T1S1 5 T1S2 5 . . . 5 T1SN [ T1, then

T91Si
5 T1Si

[46]

or all speciesSi and for all TR andu.
This follows directly from Property 3 and Eq. [35].

Property 5. For a speciesSi within any type of N-site
exchange network,

lim
TR30

T91Si
5 T1Si

[47]

for any u.
This follows after some calculation from Property 1 and

application of 1’Hospital’s rule to the explicit form ofT91(Si)
given by Eqs. [34] and [35]. Again, for rapid pulsing, sign
cant chemical exchange does not occur between pulses; E
is valid in that limit even with chemical exchange presen
practical terms this means thatT1’s can be determined by u
of progressive saturation as long as the condition TR3 0 is
approached to a sufficient degree. The required limits on
cannot be known with precision without a simulation ba
upon knowledge of the system’s chemical parameters, w
are the goal of the experiment and hence obviously unava
in general. From the numerical results obtained for a repre

TAB
Signal-to-Noise Consequences of Selecting Parameters

Error , 10%
for M 0A/M 0 C

andM 0A/M 0B

TR
uE,Avg

of E

Pulse parameters u 5 150°
TR 5 0.16 s

u
TR

M90A/M90 C 1.09
M90A/M90B 1.04
Relative SNR(A) 1.0
Relative SNR(B) 1.0
Relative SNR(C) 1.0

Note.System parameters are as given in the text for the three-site s
that measuredM 0A/M 0 C andM 0A/M 0B are both within 10% of their true
a reasonably long TR to be used. Column 2 shows results obtained w
species for this TR. Column 3 is similar to column 2, except with TR5
correct ratio measurements.M90A/M90 C andM90A/M90B are defined in the tex
Ernst formalism. Relative SNR(A) is the SNR obtained for resonance
normalized to the value obtained using pulse parameters resulting in
It is clear that choice of TR sufficiently small or sufficiently long that m
of SNR. For example, the SNR for resonance A is a factor of 20.07 g

re used. However, the former choice leads to extremely inaccurate ra
ue to chemical exchange effects will be less than 10%. Use of a lon

experimental time penalty than use of short TR.
s

e

[1]
n

R
d
ch
le
n-

tative case in the preceding section, it is clear that use of a
flip angle, on the order of 150°, may be required in order
the rapid pulsing condition is satisfied with values of
sufficiently long to allow for data acquisition and the poss
application of a homospoil pulse (see below).

Property 6. For N species {Si} within any type of ex-
change network,

lim
TR3`

T91S1 5 lim
TR3`

T91S2 5 . . . 5 lim
TR3`

T91SN
. [48]

The limit is independent ofu, but depends upon theT1’s. For
a given exchange network, the limit is independent of
values of pseudo-unimolecular rate constants, assuming
are nonzero, although the rate of convergence to the limit
depend upon the rate constants. Of course if any rate con
are zero, the exchange network becomes qualitatively diff
and a different limiting value is obtained. The limit also
pends upon equilibrium magnetizations, but if these mag
zations are varied in such a way that all of theM 0Si/M 0Sj are
unaltered, then the limit is unchanged.

This property has been resistant to direct proof but has
confirmed numerically for a wide range of exchange netw
and chemical parameters.

Property 7. For a speciesSi within any N-site exchang
network, define SFErnst(TR), SF (TR), and

7
Obtain Accurate Magnetization Ratio Measurements

Parameter selection criteria

1 s
average
angles

TR 5 2 s
uE,Avg 5 average
of Ernst angles

TR 5 53
longestT1

49°
1.0 s

u 5 63°
TR 5 2.0 s

u 5 90°
TR 5 25 s

86 1.14 1.01
33 1.79 1.01
.07 19.89 8.76
.90 12.66 5.48
.05 4.76 1.93

em undergoing cyclic exchange. Column 1 pertains to a selection of
es when a flip angle ofu 5 150° is used. This choice of flip angle perm
TR1 s and a flip angle which is the average of the Ernst angles for the
Column 4 shows results for a very long TR andu 5 90°, which ensure
the apparent magnetization ratios, obtained by use of SF’s derived

using the formalism presented here, correctly incorporating chemica,
error of,10%. Relative SNR(B) and relative SNR(C) have similar mean

netization ratio measurements are accurate to within 10% results in sloss
ter whenu 5 49° and TR5 1.0 s are used than whenu 5 150° and TR5 0.16 s
measurements, while the latter choice ensures that the errors in the mments
R withu 5 90° permits accurate ratio measurements with less of a SNR pe
LE
to

5
5

rnst

5
5
1.
1.
20
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M90Si
5

MSi
~TR!

SFSi

Ernst~TR!
5

M0Si
SFSi

~TR!

SFSi

Ernst~TR!
[49]

n analogy to Eqs. [38] and [40].
Then

lim
TR30

M90Si
~TR! 5 M0Si

. [50]

This follows from application of l’Hospital’s rule to E
[49].

COROLLARY TO PROPERTY7. For any two speciesSi andSj ,

lim
TR30

M90Si
~TR!

M90Sj
~TR!

5
M0Si

M0Sj

. [51]

This follows immediately from Property 7. The importan
of this corollary is that quantification is typically perform
through measurement of magnetization ratios. Thus, as
earlier for the three-site case, it is true in general that con
tration ratios calculated using the Ernst formula, Eq. [1],
proach the actual ratios for short TR.

Property 8. With the same definitions as in the preced
property,

lim
TR3`

M90Si
~TR! 5 M0Si

. [52]

This follows immediately from Property 2. Note that o
implication of this is that equilibrium magnetizations can
general be measured accurately by using a long TR
u 5 90°.

COROLLARY TO PROPERTY8. For any two speciesSi andSj ,

lim
TR3`

M90Si
~TR!

M90Sj
~TR!

5
M0Si

M0Sj

. [53]

This follows immediately from Property 8 and shows
quantification of magnetization ratios may be accurately
formed by the use of long TR experiments. Indeed, base
the numerical results shown in Table 7, there is a clear
advantage to implementing ratio measurements in the lon
limit rather than the short TR limit.

DISCUSSION

The pioneering paper by Ernst and Anderson in 19661)
formally analyzed the improvements in signal-to-noise tha
result from the use of pulsed Fourier transform NMR ra
than continuous-wave NMR. Part of the analysis treated
has come to be known as partial saturation of a resonanc
ted
n-
-

nd

t
r-
on
R
R

n
r
at
ine

due to repetitive pulsing. The formalism developed in
paper was based on the Bloch equations for an isolated
The application of NMR spectroscopy toin vivo samples wa
still on the distant horizon, so that the need for incorpora
chemical exchange into the analysis of the repetitive pu
experiment by use of the Bloch–McConnell equations wa
evident.

Subsequent to the publication of the Ernst and Ande
analysis of the one-pulse experiment, NMR spectroscop
become an important tool for the analysis ofex vivoandin vivo
physiologic systems. In all of this work (for references,
Ref. 5), partial saturation in a one-pulse experiment has
accounted for by use of Eqs. [1] and [2] in order to determ
spin–lattice relaxation times and to obtain chemical conce
tions. However, while exchange effects have been ana
and accounted for in many of the experiments used in p
ologic NMR studies, such as the various forms of satura
transfer (8–14) and inversion recovery (15, 16), the necessit
for reanalyzing the ubiquitous one-pulse experiment to acc
for exchange was recognized only somewhat later (3).

Comparison of the Transient and Steady-State Analysis
Multiple-Site Exchange

A recent publication (17) provided an elegant description
the approach to equilibrium of anN-site exchanging system
described by Eq. [18]. It was found that the solution trajec
exhibited damped oscillations in the general case. In con
when detailed balance is satisfied, the approach to equilib
could be described by a multiexponential approach to eq
rium magnetizations. While this description of the trans
behavior of the spin system is of theoretical interest, it is ra
limited in terms of applicability to the design and interpreta
of actual NMR experiments. In contrast, in the present wor
have examined the cyclic steady state of theN-site exchang
network; it is precisely this steady state which is actu
observed in virtually all one-pulse experiments onin vivo
systems or other systems exhibiting exchange.

Problems Arising in Short TR Experiments

The significance of the results described herein for spe
applications depends entirely upon the extent to which
addition of chemical exchange to the formalism affects
actual calculated values of spin–lattice relaxation times
magnetizations. In previous work (3–5) we showed theoret
cally and in bothin vitro and in in vivo experiments that th
errors that result from neglecting exchange in typical sys
can be very large. An important corollary for practical ap
cations was the demonstration that the Ernst formula, Eq
remains valid for exchanging systems when the interp
delay time is sufficiently small. Hence, under rapid puls
conditions, estimates of spin–lattice relaxation times and
rections for partial saturation based on Eqs. [1] and [2] ma
correctly obtained.
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133THE ONE-PULSE EXPERIMENT WITH CHEMICAL EXCHANGE
The minimum TR which can be used is constrained by
data acquisition period and therefore by the spectral reso
required. A further practical difficulty is that when the f
pulsing condition is satisfied, one typically has TR' T2. This
leads to transverse magnetization interference effects th
neglected in Eq. [1]. While these effects may be incorpor
by an appropriate reformulation of the problem, it is m
simpler in practice to modify the one-pulse sequence so t
homospoil pulse is placed after each signal acquisition p
(4, 5). Note that the time required to execute this homos
pulse will place a further constraint on the minimum pract
ble TR.

Significance of the Extension of the Formalism from Two
Sites to Three and N Sites

A serious limitation of our previous analysis of the one-p
experiment in the presence of chemical exchange was th
formalism only accounted for exchange between two s
However, metabolites in typical physiologic systems may
multaneously participate in three or more reactions. Acc
ingly, a full treatment of the three-site mutual exchange
undertaken in the present paper. A more general mathem
approach was taken than in our earlier work (3), permitting the
results to be expressed compactly for arbitrarily complexN-
site) exchange networks. The simulation results clearly d
onstrate the fact that the addition of a third site can mark
change estimates ofT1’s and chemical concentrations.

Application of the N-Site Analysis to the Empirical
Determination of Saturation Factors

Corrections of apparent equilibrium magnetizations for
tial saturation are most often carried out without exp
knowledge ofT1’s. At a given experimental period (Period
say), nonsaturated magnetization is measured in a one
experiment by use of a long TR. A short TR experiment is
performed immediately with the sameu, still during Period 1
and the SF is calculated based on the results of these
measurements in accordance with Eq. [2]. At a subsequen
(during Period 2, say), e.g., after an intervention suc
altering substrate availability or changing temperature, fu
data are obtained with the short value of TR, since this re
in greater SNR per unit time than if a long TR is used. The
determined during Period 1 is then used to correct the
obtained during Period 2 for partial saturation. An implicit
generally reasonable assumption in this procedure is tha
T1’s do not change throughout the course of the experime
is important to note, however, that the results presented
show that such a correction scheme is entirely invalid in
presence of chemical exchange and may lead to large
unless all of the system’sM 0’s andk’s, in addition to theT1’s
are unchanged. That is, this naive but universally ap
correction scheme is valid only when nothing happens to
sample.
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Application of the N-Site Analysis to the Determination o
Spin–Lattice Relaxation Times

As noted above, the typical progressive saturation ex
ment involves measurement of SF(TRi) for a set of predete
mined TRi ’s with constantu and then fitting the results to E
[1] to determineT1. However, we have demonstrated that
SF’s are not merely functions of TR andu, but rather of al
parameters describing the chemical system. It is clearly
realistic to attempt to fit the progressive saturation data t
full analytic form of the results; the signal-to-noise ratio
quired for such a multiparameter fit to be meaningful sim
cannot be obtained. This issue was specifically address
earlier work (4) for the case of two-site exchange, in whic
result corresponding to Property 5 of the present work
described. Here, we have extended this to theN-site case an
found that, regardless of the exchange network involved,
pulsing with a suitably large flip angle permits the E
formula to be correctly applied to one-pulse data. Thus,T1’s
can still be obtained rigorously in a relatively simple fash
but only if rapid pulsing and a large flip angle are used,
the constraints on TR andu being set with reference to sim
lation results comparable to those presented in Table 3.

Relaxing the short TR constraint leads to the dependen
T91, as defined in Eq. [35], on TR. In fact, this dependence
be taken as the signature of a species which is undergo
significant amount of exchange. This was previously dem
strated experimentally using31P NMR spectroscopy of the r
gastrocnemius muscle (5). Variation ofT91 as a function of TR
was found for the phosphorus nucleus of phosphocreatin
for [g-31P]ATP, which are undergoing rapid exchange via
creatine kinase reaction, but not for [a-31P]ATP, which under
goes only minimal exchange in this system.

Application of the N-Site Analysis to the Determination o
Magnetizations

As shown here, there are two ways to obtain the co
equilibrium magnetizations. First, a procedure making us
rapid pulsing may be employed, as was also the case fT1

determinations. A long TR experiment followed by an ex
iment with suitably short TR and largeu, based on estimat
for the chemical parameters of the system under investiga
are performed during Period 1. To ensure that TR is s
ciently small and thatu is sufficiently large, reference must
made to simulation results comparable to those presen
Table 6. The ratio of the observed magnetizations, that is
saturation factor, is then given by Eq. [1]; in particular,
saturation factor is independent of any of the systemM 0’s and
k’s. During Period 2, data are taken with the same short TR
large u and corrected for rapid pulsing using the previou
determined saturation factor in accordance with Property 7
alternative procedure makes use of Property 8; TR mu
sufficiently long that essentially full relaxation to equilibriu
occurs between pulses. Using this approach, there is no n



tim
ise
air
rti
vo
g
no

lts
s t

an

gin
tio
g t
d a
su
ec
gn

an
th

up
em
sp

nd
am
d

n t
atio
ab
rsio

ion
s
in
tin

per
nit
. I

t
u s
c xpe
m sib
t s

r a
the
-
l

ue to

rates.

nts

also
. [1],

n of
ime

se-
d
f

p iffu-
s

ing
, the
rgo
h a
ring
r. It
these
.
for

rmed
d to
[1]
used
ulse
piric
ly for
going
these
ork,
ount

tain
ith
ure-
with
ypes
d of
ange

134 SPENCER AND FISHBEIN
explicitly measure saturation factors. Of course, the subop
SNR resulting from this time-consuming process is prec
what one wishes to avoid by the usual method of pulsing f
rapidly and then using saturation factors to correct for pa
saturation of resonances. Unfortunately, however, to a
systematic errors associated with chemical exchange, lon
experiments or else extremely short TR experiments are
seen to be a requirement. While the SNR ratio which resu
severely degraded (cf., Table 7) in either case, it appear
the penalty is significantly less for long TR experiments.

Dependence of Apparent Spin–Lattice Relaxation Times
Magnetizations on System Parameters

Our previous general analysis of the two-site exchan
system (3) also presented simulation results for satura
factors and errors in magnetization ratios due to assumin
validity of the Ernst relation, Eq. [1]. Results were displaye
a function of reaction rate, showing that departures from re
based on the Ernst and Anderson analysis were, as exp
greater for larger exchange rates. In addition, errors in ma
tization ratios were presented as an explicit function of ch
ing chemical concentrations, since saturation factors in
presence of chemical exchange are strongly dependent
equilibrium magnetizations. In the present work we have
phasized the dependence of saturation factors, apparent
lattice relaxation times, and magnetization ratios on TR au,
since those are the most readily varied experimental par
ters. However, it can be shown that results may be obtaine
the three-site case which are fully analogous to those i
previous analysis of the two-site case with respect to vari
of reaction rates and concentrations as independent vari

In experiments such as inversion transfer and inve
recovery, an effectiveT1, T1,eff, is often defined by

1

T1,eff
5

1

T1
1 k, [54]

wherek is the pseudo-unimolecular reaction rate for react
contributing to the chemical–kinetic decay of the specie
question. Obviously, changes inT1,eff may be due to changes
eitherT1 or in k, and the experiment in general cannot dis
guish between these possibilities without additional ex
mental data. Nevertheless, it is occasionally useful to mo
T1,eff to examine, for example, the effect of an intervention
hat case, it is often a reasonable assumption thatT1 is largely
nchanged. Results may then be interpreted in term
hanges in reaction rates. In contrast, in the one-pulse e
ent analyzed in the present work, it is essentially impos

o define a physically meaningful effectiveT1 that incorporate
exchange effects. Not only is there no simple formula fo
effective T1 in the one-pulse experiment, but in addition
effectiveT1 depends on allM 0’s, T1’s, andk’s for the exchang
ing system. Thus, changes in the effectiveT are in genera
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uninterpretable in simple terms. Such changes may be d
changes in true spin–lattice relaxation times orM 0’s of any
species in the exchange network or to changes in reaction

Applicability of the Formalism to NMR Imaging Experime

Finally, we note that the above considerations are
relevant to MRI data analysis. An expression related to Eq

Mobs~TR, TE! 5 C z ~1 2 e2TR /T1! z e2TE /T2, [55]

appears frequently in the MRI literature as a descriptio
image intensity in spin-echo imaging. Here, TR is the t
interval between successive applications of an imaging
quence, TE is a spin-echo time,M obs(TR, TE) is the observe
magnetization in an imaging pixel, andC is a constant o

roportionality which may also include effects such as d
ion. This expression may be used to determine theT1 of

mobile water, for example, on a pixel-by-pixel basis by fix
TE and varying TR in a series of experiments. However
water protons within an imaging pixel may in general unde
chemical exchange with water protons within a pool wit
different T1. This may be due to exchange with neighbo
tissue types or to exchange with relatively immobile wate
is clear from the considerations detailed above that, under
conditions, the values of tissueT1’s derived from use of Eq
[55] may be highly inaccurate. Similar considerations hold
other imaging sequences.

CONCLUSIONS

The one-pulse sequence is the most commonly perfo
NMR experiment. The Ernst formula, Eq. [1], is often use
derive values forT1’s. Similarly, a correction based on Eq.
or an empiric correction based on observed SF’s is often
to derive chemical or metabolite concentrations from one-p
experiments. However, both the Ernst formula and this em
correction scheme based on observed SF’s are valid on
nonexchanging systems. When applied to samples under
chemical exchange, including most physiologic systems,
methods yield results that are highly inaccurate. In this w
new expressions have been derived which explicitly acc
for chemical exchange in a system with an arbitraryN-site
exchange network undergoing repetitive pulsing. To ob
reliableT1’s very short TR’s must be used in conjunction w
large flip angles. To obtain reliable concentration meas
ments, either very short TR’s must be used in conjunction
large flip angles or else long TR’s must be used. For both t
of measurements, the goals of achieving high SNR an
avoiding large systematic errors due to chemical exch
effects are, in general, mutually inconsistent.
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